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The goal is to discover a polynomially bounded data-flow relation between command C,
initial values x;, and final values z%: [C](x; ~ 7).

¢ = X1
X1

X2 + X3; c"= X1 := 1;
X1 + X1

loop X2 {X1 := X1 + X1}

[C'](z1, 22, 23 ~ 27, 75, 75) [C" (21, xo ~ 2, ah)

@) < 2x9 + 2a3 Th < 2%
I

Ty < T xh < a9

ry < a3
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Original mwp

mwp Analysis?

Method for certifying that values computed by a deterministic imperative
program will be bounded by polynomials in the program'’s inputs.

C : program M : matrix FC: M

INeil D. Jones and Lars Kristiansen. “A flow calculus of mwp-bounds for complexity analysis”. In: ACM Trans. Comput. Log. 10.4 (Aug.
2009), 28:1-28:41. poI: 10.1145/1555746.1555752.
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Original mwp

Language
(var) Xy | X2 |X3]... (aexp) e +ele *x e (bexp) e=e|e<e]...

(com) skip|X := e|C;C|if b then C else C| loop X {C} | while b do {C}

Dependencies (“flows") Stroneer
0 : no dependency m : maximal w : weak polynomial p : polynomial
Inference rules
L - i - Fe:V
C XL ) XN TR Th g oA
e i Fik XixXj : pVi @ Va FXj =e:1¢V

mwp-bound  max(Z, poly; (¥)) + polys(2)
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Original mwp

C'=

X1
X1
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m 0 m
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X1 + X1 A
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00 0
Fox X1:=X2+X3;X1:=X1+X1 : (pm 0)
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o X1:=X1+X1 : (fg
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Original mwp

- El
FicX1:=1:("y)

c"= X1 := 1; 0 A
loop X2 {X1 := X1 + X1} Fac XL:=Xtex1 s (5 9)

X

FxC:M

Vi, MY =m R L
Fix loop X {C} : M* @ {— j | 31, J\IZ =p}
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Original mwp

2

Theorem: Soundness

FC: M implies EC: M

F C: M means the calculus assigns the matrix M to command C.
Relation = C : M holds iff there exists a derivation in the calculus.

Command C is derivable if the calculus assigns at least one matrix to it.

2 Jones and Kristiansen, “A flow calculus of mwp-bounds for complexity analysis”, p. 11.
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Original mwp

mwp Overview

Properties
Compositional, language-agnostic, multi-variate result, focus on value
growth, avoids termination and iteration-bounds analysis, ...

Open questions
Richer languages? Expressiveness?

Challenges
Nondeterminism, derivation failure.
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Enhanced mwp

Nondeterminism

]
Foe Xi: {7}

X2 + X3 has 3 derivations:
E2

Fice: {¥|Xi € var(e)}

w

by (E2) (3)

P KLV P K Ve by (E1) and (E3) (,%)
bk XixXj : pVh @ Vs

0
P Xi: V1 bk Xj: Va by (El) and (E4) (7;)

E4
Fix XixXj : Vi @ pVa

In general n choices yields 3™ derivations.
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Enhanced mwp

Improvement

Idea: internalize the choices as functions from choices to coefficients.

If a coefficient depends on a choice, represent as 3 elements (think {0, 1,2}")

If independent, represented as a single element.

We define basic functions d(i,j) where i is a value, and j is index of the domain.
If 71" input is equal to 7, then (i,7) is equal to the unit of the mwp semi-ring, else 0.

* - A
st FXLXg (0= P e s e 2o ) g
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Enhanced mwp

Comparison

Example 1. A 6-variable program with 2 assignments:

Original: 6 x 6 matrix x 3% choices = 324 coefficients

Improved: 6 polynomials + 30 simple values = 66 coefficients

Example 2. C=1X1

000 00O
(me)(me)(
w 0 m m 0 m

X2 + X3

Soco

0
m
0

s 3o

) - <m5(0,0)+p5(01,0)+w5(2,0) ™0 )
pd(0,0)+md(1,0)+wd(2,0) 0 m
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The Failure Problem

C= while(b){X1:=X2+X2}

Derivation of X1:=X2+X2 yields two matrices: (9.2 ) and (2 9)

FixC:M
F,x while b do {C}: M*

Vi, Mj, = m and Vi, j, Mj; # p

= derivation (2 0) fails but derivation (9 Y ) succeeds.
pm w m
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Enhanced mwp

Representing Failure

Idea: We introduce oo flow to represent non-polynomial dependencies.
{07 Tn? w? p7 OO}

Every derivation can be completed without restarts.
Captures localized information about where failure occurs.
Once failure is introduced, it cannot be erased i.e., co X 0 = 0.

] m—+006(0,0)+00d(1,0) 0
C= while(b){X1:=X2+X2} OO5(0,0)+OO6(1,0)+'LU5(2,0) m
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Enhanced mwp

Apart from oo coefficients, the original and adjusted mwp systems agree.
The latter provides a tractable technique: better proof-search strategy,

fine-grained feedback, etc.

Asking more specific questions, for some program C:

1. Does a bound exists?
2. If yes, what is the concrete mwp-bound?

3. If no, where does failure occur?
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Enhanced mwp

Apart from oo coefficients, the original and adjusted mwp systems agree.

The latter provides a tractable technique: better proof-search strategy,
fine-grained feedback, etc.

Asking more specific questions, for some program C:

1. Does a bound exists? — Delta graph
2. If yes, what is the concrete mwp-bound? — Efficient evaluation
3. If no, where does failure occur? — from matrix
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Enhanced mwp

Delta graph enables decoupling computation of existence of bounds and
computing its values.

T,

/1IN /IN /1IN

AVINVINAE NN IV IN

Nodes: n = (8(4,5)1,---,0(4,7)n) e.g. fnl _ ((87 })’ (873)7(
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Enhanced mwp

Delta graph enables decoupling computation of existence of bounds and
computing its values.

T

/N /IN /1IN

AVININ A0 IV AN IN

((0,1),(0,2))

((0,1),(1,2)) ((0,1),(0,2))

((0,1),(2,2),(0,3)) ((0,1),(1,2)) ((0,1))
((0,1),(2,2),(1,3)) ((0,1),(2,2))

((0,1),(2,2),(2,3))
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Enhanced mwp

Evaluation

_ m—+006(0,0)4006(1,0) 0
C= while (b) {Xl :=X2+X2} 005(070)+005(170)+w6(270) m

(0.0) (1.0) (2.0)
oo 0 oo 0 m 0
oo m oo m w m
Matrix size depends on number of variables V2 and n assignments introduces 3" choices.

Challenge: How to efficiently determine and represent valid choices?
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Enhanced mwp

1. Construct a set S of all the § values with oo coefficient in the matrix.

S = {[(0,0),(2,1D],
[(1,0),(2,1)],

[(2,0),(2,1)], s = {[(2,11],

=
[(0,0),(2,2)1, EES’S;]’}(Q’QH’
[(0,0),(1,1)1, ’
[(1,1)]1}
2. Simplify S.
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Enhanced mwp

3. Construct choice vectors.

[(2,1)] x [(0,0),(2,2)] x [(1,1)]
initially:  [[0,1,2]1,[0,1,2],[0,1,2]]
(2,1)(0,0)(1,1) = [[1,2],[0],[0,1,2]]

(2,1)(2,2)(1,1) = [[0,1,2],[0]1,[0,1]]

4. Result is a disjunction of choice vectors.

(f1,21,001,00,1,211 v [[0,1,2],[0],[0,11]
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Enhanced mwp

Compositionality

Compositional analysis enables computing result once then reusing the result in
the future.

® Analysis can be performed on parts of source code.

It is possible to analyze a function, then save the result.

Previously analyzed result can be reused at next execution.

® Expensive computation needs to be carried out once.

Cf. Carbonneaux et al. “Compositional certified resource bounds” DOI: 10.1145/2737924.2737955
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Enhanced mwp

Extending the Syntax

Let f be a function with one output value,

1. Find the assignments (choices) for which no co-coefficients appear.

2. Project the resulting matrices to keep only the vector representing the
corresponding mwp-bound of the output value, w.r.t. the input values of f.

3. Obtain k possible mwp-certificates M},MJ%, . ,MJ’?.

F

FXi = F(X1,..., Xn) 0 1 (M})3(0,¢) @ - & (MF)3(0,¢)d(k, c))

C. Aubert, T. Rubiano, N. Rusch, T. Seiller 20/23

mwp-Analysis Improvement and Implementation



Enhanced mwp

Implementation: pymwp

A prototype static analyzer for a subset of C99 programs.

Source code and demo: statycc.github.io/pymwp/demo

Usage

pymwp /path/to/file.c [ARGS]

® |nstall: pip install pymwp
® List of args: pymwp --help

mwp-Analysis Improvement and Implementation

C. Aubert, T. Rubiano, N. Rusch, T. Seiller 21/23


https://statycc.github.io/pymwp/demo

Discussion

Summary

mwp-analysis — mwp-analysis’ — realistic analysis

Main result
Lightweight, fast, practical data-size analysis focused on input value growth.

Key adjustments and enhancements
Adjusted mathematical framework (deterministic rules, internalized failure);
separating computation phases, function analysis, concrete implementation.

Limitations
Even richer syntax (arrays, pointers, ...); comparative evaluation.
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Discussion

Next steps

Extending current system — further improvements, richer syntax, etc.
Other directions — other ICC-based applications, e.g., optimizations.

Formalization — formally verifying the original mwp-analysis in
Coq cf. "“Certifying Complexity Analysis” at CoqPL'23.

doi.org/10.4230/LIPIcs.FSCD.2022.26 () github.com/statycc
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Original Inference Rules

El FixCl: My by C2: My
F,x if b then Cl1 else C2: My @ M>

o Xd {37} '

E2 P Xi: Vi bFy Xj: Vo B3 FxXi: V) FXj:Va
Fox XikXj : pV1 @ Vs Fix XixXj : Vi @ pVa

b e: {¥|Xi € var(e)} E4

FxC:M L
F,k loop Xp{C}: M*® {i’% ER ]W;;- =p}

A V%M; =m

Fix Cl: My Fy;C2: M,y R
FixCl; C2: M ® My

FxC:M
Fx while b do {C}: M*

,Mj; = m and i, j, Mj; # p



Deterministic Inference Rules

*G{-‘r,—} EA
FXiXj (0= {"PHe e T he 2= {""})
i ij i
EM ES Fe:V
i i {ww FXic{™ . 3.
FXLox X {1’3 * {1} FXj=e:1AV
l—Cltﬂfl FCQ:MQC |‘Cl:]\/[1 FCQ:MQ
FC1l; C2: M; ® M, Fif b then Cl else C2: M; & Mo
FC: M Lo
F loop X1 {C}:JV]*@{;’O%]'|M;j7ém}69{f—>j\3i,]vi*;:p}
FC: M Wee
Fwhile b do {C}: M* @ {°— j | M}; #m} @ {°— j | M; = p}
F

FXi = F(X,..., X0) 16 (M})3(0,¢) @ - & (MF)6(0,¢)d(k, c))
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